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Abstract. Let M = H+UsH— be a genus g Heegaard splitting with Heegaard 
distance n > k + 2: (1) Let c\, C2 be two slopes in the same component of 
d—H-, such that the natural Heegaard splitting M 1 = Us (H— U Ci 2 — 
handle) has distance less than n, then the distance of c\ and C2 in the curve 
complex of d—H- is at most 3OT+ 2, where k and 9Jt are constants due to 
Masur-Minsky. (2) Let M* be the manifold obtained by attaching a collection 
of handlebodies ffi 1 to d— H— along a map / from dJif to d— H— . If / is a 
sufficiently large power of a generic pseudo-Anosov map, then the distance of 
the Heegaard splitting M* = H+ U (H— Uf M") is still n. The proofs rely 
essentially on Masur-Minsky's theory of curve complex. 
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f. Introduction 

A Heegaard splitting of a compact orientable 3-manifold M is a decomposition 
of it along an orientable embedded closed surface S into two compression bodies 
H + and iJ_ [21], and as a conscious extension of A. Casson and C. Gordon's notion 
of strong irreducibility, J. Hempel [7] defined the Heegaard distance of a Heegaard 
splitting in terms of the curve complex c <o{S) of S, the Heegaard distance is the 
minimal distance between two curves a+ and a- in C £{S) which bound disks in 
H + and H- respectively. If a manifold has a Heegaard splitting with distance at 
least 3 , then it is irreducible, atoroidal, d— irreducible, anannular and it is not 
a Seifert manifold due to Kobayashi and Hempel [7j, so by Perelman's proof of 
Geometrization conjecture of Thurston, the manifold is hyperbolic. 

It is expected that high distance splitting has rigidity properties, Namazi [18] 
showed that if a 3-manifold M has a Heegaard splitting with large distance, then the 
manifold has finite mapping class group, which is also predict by Geometrization 
conjecture. For other highly interesting construction of high distance Heegaard 
splittings, see [11] and [12], and see also [10] for related topics. 

Thurston's hyperbolic Dehn surgery theorem, see [24] and [20], says that for a 
noncompact finite volume complete hyperbolic 3-manifold, to each cusp, all but 
finitely many Dehn surgery resulting in a hyperbolic 3-manifold. It has been gener- 
alized to hyperbolic manifolds with totally geodesic boundaries by Scharlemann-Wu 
and Lackenby, see [9] and [22] . 
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Let M = H+ Us H- be a Heegaard splitting of a 3— manifold with boundary 
and the Heegaard distance is n, we assume that H+ is a handlebody and H- is 
a compression body. Let c be a slope in d-H-, then adding a 2— handle along c 
we obtain a compression body H c and a Heegaard splitting of the new manifold 
M c = H + Us H c , then we consider the problem on the degeneration of distance of 
the Heegaard splitting, it is obvious that its distance is at most n. If the distance 
is less n, then we say c is a degenerating slope, we want to know, is there any 
non-degenerating slope? 

Inspired by canonical Dchn surgery and handle addition theory, i.e, Gordon [3] 
and Scharlemann-Wu [22] , we have the following theorem about Heegaard distance: 

Theorem 1.1. There are constants n and SDT depending on g, such that if M 
II . Us H- is a genus g Heegaard splitting of a bordered Z— manifold with Heegaard 
distance n > n + 2, and C\, Ci are two degenerating slopes in the same component 
F of d-H-, then the distance of c\ and C2 in ^(F) is bounded above by 39Jt + 2. 

The constants n and 9Jt in the theorem are due to Masur-Minsky. 
Since the curve complex has infinite diameter by Kobayashi-Luo or Masur- 
Minsky, see Proposition 4.6 of [14], we have: 

Corollary 1.2. If M = H + Us H— is a genus g Heegaard splitting with Heegaard 
distance n > n+2 of a bordered 3— manifold, then there are infinite ways to attaching 
handlebodies to the boundary of M , so that the resulting Heegaard splitting has 
distance n. 

Remark 1.1. In canonical Dehn surgery theory and handle addition theory, e.g. 
[3] and [55], two "degenerating curves" are related by the intersection number. In 
the curve complex there is an up bound of distance in terms of the intersection 
number, see [14j or [2], but in general, there is no lower bound depending only 
on the intersection number, so our theorem is formulated by distance in the curve 
complex, and hence we can not obtain the bounded cardinality of degenerating 
curves in the Dehn surgery case but the bounded diameter. It is the disadvantage 
of our theorems, but we have the following: 

Note that the curve complex of a torus is the well-known Farey graph, see [14] . 
and there is a one-to-one correspondence between the slopes in a torus to the co- 
prime pairs of integers, so analogous to a theorem in [23], we have: 

Theorem 1.3. If DM is a torus and M = H + Us H- is a Heegaard splitting with 
Heegaard distance n > k + 2, then there is a cone in the up half plane, such that at 
most one co-prime lattice in the cone is a non-degenerating slope. 

We also prove a result using pseudo-Anosov theory, that is, in the spirit of [9] : 

Theorem 1.4. If M = H + Us H— is a genus g Heegaard splitting with Heegaard 
distance n > k + 2, where H + is a handlebody and H- is a compression body with 
d-H- = F\ Ui<2 • • - U-Fi, Hj is a handlebody which has the same genus as Fj, fixed a 
homeomorphism Tj : Fj — * dHj, for generic pseudo-Anosov map fj : dHj — > dHj, 
there is rij such that if H* = H- Uy™i Ti H\ Uj™2 T2 H2 ■ ■ ■ Uy m i T! Hi with m,j > rij, 
then the resulting Heegaard splitting M* = H+ Us H* has Heegaard distance n. 

There are examples that after Dchn filling the Heegaard distance will degenerate 
drastically, for example, Minsky, Moriah and Schlcimer [T7] showed that there are 
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arbitrarily high Hccgaard distance knots, and then do the trivial Dehn surgery, we 
get the distance zero Heegaard splittings of S 3 . Our result shows that most handle 
additions and handlebody attachments do not degenerate the Heegaard distance 
if the initial distance is large, this is in the spirit of Thurston's Hyperbolic Dehn 
surgery and its generalization, which show that most handle additions and handle- 
body attachments of a hyperbolic 3— manifold result in hyperbolic 3— manifolds. 

The assumption that the distance is at least k + 2 is essential in our proof, but 
in some sense, it is also necessary, see the following example: 

Example 1.5. Let T be a closed torus and F be a torus with an open disk removed, 
then F x [0, 1] is a genus 2 handlebody, and attaching a 2— handle along dF x 0.5 
we get a distance 2 Heegaard spilitting ofT 2 x [0, 1], capping off any torus boundary 
of T 2 x [0, 1] by solid torus we get a distance zero Heegaard splitting of the solid 
torus. 

In fact, firstly we ponder that if M = H + Us H^ is a unstabilized Heegaard split- 
ting of an irreducible 3-manifold M with boundary, is there any way to capping off 
the negative boundary of the compression body so that the resulting Heegaard split- 
ting of the manifold is unstabilized, and then we consider the generalized problem 
on Heegaard distance. 

In all of the above theorems, we assume that H + is a handlebody and H_ is a 
compression body, the proof for the case that both H+ and H- are compression 
bodies is easy from our proof of the above theorems. In fact, we just assume that 
the distance of M = H + Us ff_ is n > 3 in this case, then the results similar to 
Theorem 1.1 and Theorem 1.4 can be proved in the same line. 

The paper is organized as follows: We outline some fundamental results on the 
curve complex ff(S) which we shall use in Section 2. In Section 3, based on some 
theorems by Masur-Minsky, we prove the Theorem 1.1 and theorem 1.3. In Section 
4, build on some well-known facts and Lemma 3.1, we prove Theorem 1.4. In 
Section 5, we treat the case that both H + and H_ are compression bodies with 
non-empty negative boundary. 

2. PRELIMINARIES ON CURVE COMPLEX 

For a compact surfaces F of genus at least 1, Harvey [5] defined the curve com- 
plex, but we just use the 1— skeleton of it, we denote it also by ^(F), whose vertices 
are one-to-one corresponding to the essential non-peripheral curves in F, and two 
vertices are connected by a length 1 arc when they are disjoint in the surface F if F 
is not homotopic to a torus or once-punctured torus, and two vertices are connected 
by a length 1 arc if they intersect in one point in the later cases. (Note that in fact 
in the torus and once-punctured torus case the definition is due to [13], which is 
different from [6] ). 

Let T be a torus, fixed a longitude— meridian pair A — (i of the slopes in & — 
^(T), it is well-known then the slopes in = ^(T) are determined by a pair 
of co-prime integers, so there is a one-to-one corresponding between the vertex of 
^(T) and Q — Q U oo, i.e, A corresponding to oo and fi corresponding to 0. ^(T) 
is the well-known Faray graph, see [15] . 

Masur and Minsky [14] (See also Bowditch [2] and Hamenstadt [5] for other 
proofs) made the important progress by showing that the curve complex is hyper- 
bolic in the sense of Gromov and Cannon. 
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Theorem 2.1. C £(F) is 5 —hyperbolic, where 8 depends only on the topology of F. 

Let H be a genus g handlebody, and S is its boundary, we denote by 3)(H) the 
subset of C £(S) each of which bounds a disk in H . 

Recall that a subset A of a metric space X is quasi-convex if there is a constant 
k, such that V a, b £ A, any geodesic [a, b] is in the k— neighborhood of A. One key 
theorem by Masur and Minsky [16J is: 

Theorem 2.2. The disk set &{H) is k— quasi- convex in ^(S). 

Let F be a compact surface, Y is an essential compact subsurfaces in F, by 
essential subsurface we mean that tci(Y) — > ^(i* 1 ) is injective, and Y" has genus at 
least l.(This definition is from [15], but we just concern with that Y has genus at 
least 1). 

Masur and Minsky defined the subsurface projection tty from ^(F) to ^(^(Y)), 
the power set of ^(Y): for each vertex v in ff(F), if v n V = 0, then 7r(v) = 0, 
otherwise t> n V is a curve or a set of arcs in Y , then do surgery with the boundary 
of Y, we get a set of curves in Y, which has diameter at most 2, and it is easy 
to show that that the subsurface projection map is 2— Lipschitz, see Lemma 2.3 of 

da. 

Another key theorem due to Masur and Minsky is the following [15] : 

Theorem 2.3. (Bounded Geodesic Image). Let Y be an essential subsurface 
of F, and let 7 be a geodesic segment, ray, or bi-infinite line in 'tf(F), such that 
ity{v) ^ for every vertex v 0/7. There is a constant 9JI depending only on F so 
that diam^fY)^^)) < 9ft- 

Let F be a compact surface with one boundary, and F be the surface obtained 
by capping off the boundary by a disk, then there is a natural projection map 
P : 1£(F ) — ► 'rf(F) by amalgamating the curves which are identified up to the 
disk: if c%, C2 and the boundary of F co-bounded a 3— punctured sphere, we define 
P(ci) = P{c2) in C €(F). Note that P is a distance decreasing map. 

3. The proof of the Theorem 1.1 and Theorem 1.3 

In this section, we prove Theorem 1.1, Corollary 1.2 and Theorem 1.3. 

Denoted by Fj,j = 1, 2, 3, . . . , k the components of d-H-, then there is a set 
of disks £ — {Ei, E2, E3 . . . Ek} in which divides into a handlebody (or 
a 3- ball) and copies of Fj x /, we denote the components of — d£ which 

corresponding to Fj by Fj, then each Fj is a genus larger or equal to 1 surface 
with a disk removed, we also assume that dEj = dFj, see Figure 1. Fixed a 
homeomorphism r\j between Fj U Ej and Fj , we have the canonical isometry from 
^{Fj DEj) to c £{Fj), we also denote it by r\j, and note that for two curves in ^(Fj), 
the distance of them under the composition r\jPj : c ^{Fj) —> ^{Fj U£ 3 -) — > ^(Fj) 
does not depend on the homeomorphism rjj, so we simply denote r\jPj also by Pj. 

Our crucial observation is the follow: 

Lemma 3.1. 7r : Sl + — ► c €(Fj) is bounded with constant 971 depending only on 

g(S). 

Proof: Va£ since Ej is an essential disk in H_, we have d{a, dEj) > n > 
K + 2. For any pair x,y S 2$ + , let [x,y] be a geodesic in 'tf(S), then it is in the 
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k— neighborhood of 39+ by Theorem 2.2, so any vertex v of [x,y] has distance at 
most k from a curve, say a, in we have that d(v,dFj = dEj) > 2. Note that 
distance at least 2 means that there intersect essentially in the Heegaard surface S, 
then we can use Theorem 2.3, which conclude that d<^^ F '^(iv(x), 7r(y)) < 371, where 
9JI is a constant depending only on S. □ 




Figure 1 



The proof of Theorem 1.1: 

We assume that two degenerating slopes c\ and ci are in the same boundary 
component F = Fj of dM, we also denote Ej by E and Fj by F for simplicity. 
We perform 2— handle addition along Cj, and let be the disk set of Hi = H_ U Ci 
2— handle. We assume that cij 6 £F+ and 6^ G 3>i realize the Heegaard distance of 
Mi = H + U s Hi, so dv(s)(ai,bi) <n-l. 

Since the Heegaard distance degenerates, we have that b\ fl F ^ 0, we assume 
that bi bounds disk B\ in Hi, and Si — £ is a set of disks, then there is at least 
one component of B\ — £ which is essential in F x I U Cl 2 — handle — H, we denote 
the boundary of it by c. In other words, c € n(bi). See Figure 2. 

Note that is a punctured solid torus or a compression body according to where 
the genus of F is 1 or large. If H is a punctured solid torus or g(F) > 2 and C\ 
is seperating in F, then there is only one essential disk in H, its boundary and 
ci co-bounded an annulus in F x /, in this case, we have d<g(p) {P( c )> c i) = 0. If 
g(F) > 2 and c\ is non-seperating in F ', there is just one non-seperating disk in iJ, 
and a set of seperating disk in H , the boundary of each separating disk, say a , 
co-bounded with aCFan annulus in F x /, and a is disjoint from c\, since a is 
the boundary of a neighborhood of c\ U d, where d is a curve which intersects ci 
with just one point, and we have d<^^(P(c), c\) < 1. 

Let be the curve in F which co-bounded an annulus in F x / with c\, 
note that d<jf(s)(ai, c x ) > n — 1, suppose otherwise, since ci<g>(s)(^_, c-jj < 1, and 
d<g>(s)(ai, < n— 1, a contradiction to the assumption the initial Heegaard split- 
ting has distance n. Let [ai,£>i] be a geodesic in C €(S), we claim that each vertex 
of [ai,&i] intersect F essentially: otherwise, suppose that v is a vertex which is 
disjoint from F , then d(v, c x ) = 1, and we must have that d(v , &i) = d(v, c x ) since 
ai and &i realize the distance of M 1 = H+ U U Cl 2 — handle). Then we have 
d(ai,v) < n — 1 — 1 = n — 2, and w n = 0, so d{a\,dE) < n — 1, which is a 
contradiction to the assumption that the initial Heegaard splitting has distance n. 




Figure 2 

From the above claim, and Theorem 2.3, we have d<^/ F i^(%(ax), 7r(&i)) < 9JL We 
also claim that for each vertex v in [ai,&i], Ptt(v) is not empty in ^(F): this is 
due to the assumption that F has just one boundary. 

Then since the natural projection map P is distance decreasing, and each of 
the projection is not empty, we have d<g>(p)(P7r(ai), Pir{b\)) < 971. Togather with 
d<g(F)(ci, P7r(6i)) < 1, we have c^(f)(ci, 7r(ai)) < 97t+ 1. Similarly we also have 

d nF) {p^{a 2 ),PTT{b 2 )) < art. 

By Lemma 3.1, d(Pw(ai), Pir(ci2)) < 9DT. Then we have djr(s)(ci, C2) < 3971 + 
2. □ 

The proof of corollary 1.2: This is the easy corollary of Theorem 1.4, but it 
also can be obtained from Theorem 1.1. 

First if some of Fj is a genus at least 2 surface, then ^(Fj) is a diameter infi- 
nite graph and each separating curve c is distance 1 with a non-separating curve. 
So there are infinitely many ways to choose the separating curve Cj and then do 
2— handle addition along Cj we obtain a distance n Heegaard splitting of a manifold 
M* with dM* is a set of tori, then for each torus in dM*, the curve complex is the 
Farey graph, which is also a diameter infinite graph, we have infinite ways to per- 
form Dehn filling and obtain distance n Heegaard splitting. 2— handle additions and 
Dehn fillings succeeded in the same boundary is the process of handlebody attach- 
ment, so we perform handlebody attachments to the manifold with the Heegaard 
distances do not degenerate. 

Since the distance of M = H + Us H- is n > K + 2 > 3, so M is hyperbolic with 
totally geodesic boundary or with toroidal cusps by Hempel's theorem on Heegaard 
distance and Thurston's Hyperbolicity theorem on Haken manifolds, and M* is a 
hyperbolic 3-manifolds with toroidal cusps. By Thurston's Dehn surgery theorem, 
all but finitely many Dehn surgery on M* resulting hyperbolic 3— manifolds with 
volume converge to the volume of M*. So the manifolds construct above have 
infinitely many different volumes, and the handlebody attachments are different. 

so the non-degenerating slopes are different even up to homeomorphism of M. 
This means that the handlebody attachments about are actrally infinitely many. □ 

The proof of Theorem 1.3: 



DEGENERATING SLOPES WITH RESPECT TO HEEGAARD DISTANCE 7 

Since vertexes in = ^(T) are determined by a pair of co-prime integers, the 
pair of co-prime integers are subset of lattices in C, the plane, but the co-prime 
pairs (a, b) and (—a, —6) correspond to the same slope in & = f <f(T), so we just 
take lattices in the up half space H. We also denote by b/a the lattice (a, b) in H. 
Let L a — {(x, y)\y — ax} be a ray in H, and for a > 8 > 0, the #— neighborhood 
of L a denoted by L a {6) is the set L a (9) = {(x, y)\(a — 9)x > y > (a + 0)x}, which 
is a cone. 

We have the following: 

Lemma 3.2. Let SS n C ^ be the n— neighbourhood of 1/0, then there is a cone 
L a (9) such that 38 n intersect with L a (9) by at most one point, say 0/1. 

Proof: We first claim that for each n, there is a set of cones L Q ™(6>™) which 
intersect only on 0/1 = and three lines X± — {(x, y)\x — ±1} and Y = {(x, y)\y = 
1} with SS n C U^Lantf?) \JX± UYU {1/0,0/1}. 

We prove the claim by induction on n. If n = 1, note that d(l/0,k/l) is 1 in 
& since the intersection number of two slope b/a and y/x is \bx — ay\, and so the 
1— neighborhood of 1/0 = oo lies in two vertical lines X± except itself and 0/1. 

The 1— neighborhood of 0/1 lies in the horizontal line Y except itself and 1/0. 
For a fixed k ^ 0, if d(k/l,b/a) = 1, then b = ka ± 1, so b/a = k ± 1/a which is 
in the e^— neighborhood of y = kx for fixed > small enough and a sufficiently 
large. So there are only finitely points in the 1— neighborhood of k/1 which is not 
in Lfc(efe), we call them exceptional points, and for each exceptional point v/w, we 
take a small cone L v / W (e v / W ). 

We first choose t\ small enough and then so that Li(ei) fl Lii^-i) — {0/1}, 
and then we choose £3, €4, . . .. Then we treat the finite exceptional point v/w for 
the 1— neighborhood of 1/1 one- by one, choose the e v / w small enough such the cone 
intersects other cones only on {0/1}, then we treat the finite exceptional point p/q 
for the 1— neighborhood of 2/1 in the same way, and then the exceptional point for 

3/1- 

We reterm these cones by L a 2(6j),j = 1,2,3..., and which intersect only on 
{0/1 = 0} such that SS 2 C U^^UXiUyu {1/0,0/1}. 

Now assume by induction that the claim is true for n = k — 1, then for each 
b/a which is distance k — 1 with 1/0, which is in a cone constructed above, say in 
L a k(9i), choose e small enough such that L b / a (e) C L a k(8i), from the same line 
above, all but finitely 1— neighborhood of b/a lies in L b / a (e). For each exceptional 
point v/w to b/a, if it is also contained by one of the cone constructed above, do 
nothing; otherwise, we choose a small cone contains it. 

Perform the above process for each point which is distance k — 1 with 1/0, 
we get a set of cones such that SS^ are embraced by these cones together with 
X± U Y U {1/0, 0/1}. By induction, the claim follows. 

From the claim, we then choose a small cone L a {(3) which is disjoint from 
L a "(9^),j — 1,2,3. . . but 0/1, this end the proof of the Lemma. 

□ 

Now from Lemma 3.2 and Theorem 1.1, Theorem 1.3 follows. □ 

4. The proof of the Theorem 1.4 
In this section, we prove Theorem 1.4, first a few facts: 
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Let fj : Fj — » Fj be a pseudo-Anosov map, recall that for each fj, there are 
two fixed points in 8?j$&{Fj), the projective measured foliation space of Fj, say 
lj + and Zj_, which are attractor and repeller respectively, see [5]. For the fixed 
handlebody Hj, there is the limit set of the mapping class group of Hj acts on 
@>j$ &{Fj), say Aj, which is the closure of the disk set, see [13] , Since Aj has 
measure zero in SP^tft ' &(Fj) by Kerchhoff [8], we say fj is generic pseudo-Anosov 
if l± n Aj = 0, see [19J . Note that generic pseudo-Anosov fj can not be extended 
to a homcomorphism of the handlebody Hj and fj acts isometrically on 'tf(Fj). 

The proof of Theorem 1.4: By Lemma 3.1, the projection of into ^(Fj) 
has finite diameter. Let @j be the set of disks in Hj, by Theorem 1.1 of [1], we have 
that there are two constants a and b, such that in the curve complex of ^(Fj), we 
have n/a — b < d^^p^i^j, f™{@j)) < na + b, so we have that the distance of $lj and 
fj(2lj) is large for n sufficiently large, and then we have d<#( F .- ) (PTr(@ + ), fj(2>j)) 
is large. 

If the Heegaard distance of M* = H + Us H* is less then n, we assume that 
a bounds a disk 2l + in H+ and a* bounds a disk D* which realize the Heegaard 
distance, then D* — £ is a set of disks, and at least one, say Dj, is essential in Hj. 
As in the proof of Theorem 1.1, we have d(Pir(&+), dDj) is less then Wl+ 1, which 
is a contradiction to the that d(PTv(& + ), fj(@j)) large. □ 

5. Generalization for H + is a compression body with non-empty 

NEGATIVE BOUNDARY 

In this section, we generalize the main theorems to the case that both H+ and 
H- arc compression bodies with non-empty negative boundary. In fact, in this case 
the assumption on the initial distance n can be weaken to n > 3: 

Lemma 5.1. If M = H + Us H— is a Heegaard splitting with distance n > 3, where 
H + and H— are compression bodies with non-empty negative boundary. Let be 
the disk set of H + , then for any component F ofd—H_, Pn(£l + ) has diameter at 
most VJl. 

Proof: Since d-H + is non-empty, there is a curve c in C €(S\ which is disjoint 
from 3> + . So V x, y £ Sf + , we have d^(s)(x, y) = 1 or 2. Note that xHF ^ by the 
assumption that n is at least 3, where F is the compact surface with one boundary 
corresponding to F as in the Section 4, and if cfl F = 0, so d^(s) (c, OF ) = 1, then 
with d<^(5) (c, x) = 1 we have d^^s) ( x > dF ) = 2, a contradiction to n > 3. Then for 
the length 1 or 2 geodesic [x, y], we can use Theorem 2.3, the lemma follows. □ 

Now, with Lemma 5.1, similarly to the proofs in Section 3 and Section 4, we 
have: 

Theorem 5.2. If M = H + Us H- is a genus g Heegaard splitting of a bordered 
3— manifold with Heegaard distance n > 3, where H+ and H— are compression 
bodies with non-empty negative boundary. If c\, C2 are two degenerating slopes in 
the same component F ofd-H-, then the distance of ci and C2 in c t?(F) is bounded 
above by 39Jt + 2. 

Theorem 5.3. If M = H+ Us H- is a genus g Heegaard splitting with Heegaard 
distance n>i, where H+ and H- are compression bodies with non-empty negative 
boundary with d-H- = F\ UF2 ■ ■ ■ UFi, Hj is handlebody which has the same genus 



DEGENERATING SLOPES WITH RESPECT TO HEEGAARD DISTANCE 



9 



as Fj, fixed a homeomorphism tj : Fj — > dHj, for generic pseudo-Anosov map 
fj : dHj — > dHj , there is rij such that if H* = H- U f^i Tl Hi U y™2 T2 H2 ■ ■ ■ U^ m i n Hi 
with rrij > rij, then the resulting Heegaard splitting M* = H + Us H* has Heegaard 
distance n. 



References 

[1] A. Abrams and S. Schleimer, Distances of Heegaard splittings, Geometry & Topology. 9 
(2005) 95-119. 

[2] B. Bowditch, Intersection numbers and the hyperbolicity of the curve complex, J. reine angcw. 
Math. 598 (2006), 105-129. 

[3] A. Fathi, F. Laudcnbach and V. Pocnaru, Travaux de Thurston sur les surfaces, Seminairc 
Orsay, Asterisque 66-67, Soc. Math. France, Paris (1979). 

[4] C. Gordon, Small surfaces and Dehn filling, Geometry & Topology monograph, Vol 2, pro- 
ceeding of Kirbyfest, 1999. 

[5] U. Hamcnstadt, Geometry of the complex of curves and of Teichmller space. Handbook of 
Teichmller theory. Vol. I, 447-467, IRMA Lect. Math. Theor. Phys., 11, Eur. Math. Soc, 
Zrich, 2007. 

[6] W. J. Harvey, Boundary structure of the modular group, in: Riemann Surfaces and Related 
Topics, Ann. of Math. Stud., vol. 97, Princeton University Press, Princeton, NJ, 1981, pp. 
245-251. 

[7] J. Hempel, 3-manifolds as viewed from the curve complex, Topology 40 (2001) 631-657. 
[8] S. P. Kcrchhoff, The measure of the limit set of the handlebody group, Topology 29(1990) 
27-40. 

[9] M. Lackenby, Attaching handlebodies to 3-manifolds, Geometry & Topology, Volume 6 (2002) 
889-904 

[10] T. Li, Heegaard surfaces and the distance of amalgamation, math. GT/0807. 2869. 

[11] M. Lustig and Y. Moriah, High distance Heegaard splittings via train tracks, Topology Appl. 

156 (2009), no. 6, 1118-1129. 
[12] M. Lustig and Y. Moriah, Horizontal Dehn surgery and genericity in the curve com- 

p/ex,math.GT/0711.4492v4. 
[13] H. Masur, Measured foliations and handlebodies, Ergodic Theory & Dynamic Systems 6 

(1986) 99-116. 

[14] H. A. Masur and Y. N. Minsky, Geometry of the complex of curves. I. Hyperbolicity, Invent. 

Math. 138 (1999) 103-149. 
[15] H. A. Masur and Y. N. Minsky, Geometry of the complex of curves. II. Hierarchical structure, 

Geom. Funct. Anal. 10(2000) 902-974. 
[16] H. A. Masur, Y. N. Minsky, Quasiconvexity in the curve complex, In the Tradition of Ahlfors 

and Bers, III (W. Abikoff and A. Haas, eds.), Contemporary Mathematics 355, Amer. Math. 

Soc. (2004), 309-320. 

[17] Y. Minsky, Y. Moriah and S. Schleimer, High distance knots , Alg. & Geom. Topol. 7 (2007), 
1471-1483. 

[18] J. Namazi, Big Heegaard distance implies finite mapping class group, Topology Appl. 154 
(2007), no. 16, 2939-2949. 

[19] J. Namazi and J. Souto, Heegaard splittings and pseudo-Anosov maps, to appear in Geometric 
and Functional Analysis. 

[20] C. Petronio and J. Porti, Negatively oriented ideal triangulations and a proof of Thurston's 
hyperbolic Dehn filling theorem, Expo. Math. 18 (2000), no. 1, 1-35. 

[21] M. Scharlcmann, Heegaard splittings of compact 3-manifolds, Handbook of geometric topol- 
ogy, ed by R. Daverman and R. Sherr, 921-953, North-Holland, Amsterdam, 2002. 

[22] M. Scharlcmann, and Y. Wu, Hyperbolic manifolds and degenerating handle additions, J. 
Austral. Math. Soc. 55 (1993) 72-89. 

[23] R. Schwartz, Spherical CR geometry and Dehn Surgery, Ann. of Math. Studies, No. 165, 
2007. 

[24] W. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces, Bull. Amer. 
Math. Soc. (N.S.) 19 (2) (1988) 417-431. 



10 



JIMING MA AND RUIFENG QIU 



School of Mathematics Science, Fudan University, Shanghai, China, 200433 
E-mail address: majimingSfudan.edu.cn 

School of Mathematical Science, Dalian University of Technology, Dalian, China, 
116024 

E-mail address: qiurf@dlut.edu.cn 



